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Josephson current between two one-dimensional nanowires with proximity induced p-wave su-
perconducting pairing is calculated in the presence of Rashba spin-orbit interaction, in-plane and
normal magnetic fields. We show that Andreev retro-tunneling is realized by means of three channels.
The main contribution to the Josephson current gives a scattering in a conventional particle-hole
channel, when an electron-like quasiparticle reflects to a hole-like quasiparticle with opposite spin
yielding a current which depends only on the order parameters’ phase differences ϕ and oscillates
with 4pi period. Second anomalous particle-hole channel, corresponding to the Andreev reflection of
an incident electron-like quasiparticle to an hole-like quasiparticle with the same spin orientation,
survives only in the presence of the in-plane magnetic field. The contribution of this channel to the
Josephson current oscillates with 4pi period not only with ϕ but also with orientational angle of the
in-plane magnetic field θ resulting in a magneto-Josephson effect. Third anomalous particle-particle
channel, which represents a reflection of an electron-like (hole-like) quasiparticle to a electron-like
(hole-like) quasiparticle with opposite spin-orientation, oscillates only with the in-plane magnetic
field orientation angle θ. We present a detailed theoretical analysis of both DC and AC Josephson
effects in such a system showing contributions from all these channels and discuss experiments which
can test our theory.
PACS numbers:
I. INTRODUCTION
A key model for realization of Majorana fermion (MF)
in a condensed matter is a spinless p-wave supercon-
ductor (SC)1,2. Majorana zero modes are excitations
at zero energy which are typically localized at interface
of the topological-non-topological phases and spatially
separated from one another. They emerge as electri-
cally neutral fermions indistinguishable from their an-
tiparticles in subgap quasiparticle excitation spectrum
of a topological superconductor (TSC). In s-wave super-
conductors, the quasiparticle excitations at the top of the
supercoducting gap are indeed equal coherent superpo-
sitions of electrons and holes with opposite spins, and
thus electrically neutral. Nevertheless, such a superposi-
tion of fermionic quasiparticles is not self-conjugate due
to existence of spin. Therefore, MF can not appear in
s-wave SC, and it is expected to occur in an effectively
spinless p-wave SC1. In p-wave SC model odd number
of Majoranas reside at each end of the superconductor.
However, electrons in conventional materials have spin-
half particles; thus, the notion of a spinless SC does not
seem immediately relevant to real physical systems.
Recently it was suggested that a topological (spinless
p-wave) superconductivity can be effectively realized ei-
ther in a spin-polarized normal metal or in a semicon-
ductor nanowire with strong spin-orbit coupling under
Zeeman magnetic field proximity-coupled to a conven-
tional spin-singlet (s-wave) bulk SC3,4. Spin-orbit in-
teractions split the energy spectrum shifting the energy
branches along the momentum axis. In contrast, an in-
plane Zeeman magnetic field shifts the energy of up- and
down-spin electrons opening a gap in the spectrum at
zero momentum. When the chemical potential is lo-
cated in the gap the upper spin-subband becomes empty,
and the system is transformed to an effectively “spin-
less” electron model. However, owing to the spin-orbit
interactions-induced rotation of the spins at the opposite
Fermi points, the proximity-induced s-wave interaction
opens a pairing gap in the spectrum. The resulting state
is closely related to a spinless p-wave superconductor.
One of the virtues of this model is that the proximitized
nanowire can be driven into a topological phase by tuning
the magnetic field or the chemical potential (Fig. 1). The
emergence of Majorana zero modes at a certain critical
value of a control parameter is necessarily accompanied
by the closing of the bulk gap1, which corresponds to a
topological quantum phase transition (that is, a quan-
2tum phase transition between topologically trivial and
non-trivial states).
The topological phase in these wires is stable with
respect to small perturbations (such as disorder) as
long as they do not cause the bulk gap in the spec-
trum to collapse. The ability to realize the topological
phase depends on the effective spin-orbit energy Eso, the
proximity-induced gap ∆ and the effective Zeeman en-
ergy VZ in the heterostructure. Note that highly con-
trolled zero-energy quasi-particles Majoranas, produced
in thin wire, can be utilized as a quantum information
carrier qubit in quantum computer technology. MFs are
exotic non-Abelian fermions obeying non-Abelian braid-
ing statistics5–7. This unique property makes MF ideal
for fault-tolerant quantum computation. These MFs
typically arise at defect sites as Abrikosov vortex cores
in bulk SCs, at interface of dielectric/TSC or normal
metal/TSC, or at edges of TSC as localized excitations,
and are topologically protected against any local pertur-
bations. Essentially, two key points for the emergence
of MFs are presented here: spin-orbit coupling (SOC)
and superconducting proximity effect. A neutral excita-
tion in a superconductor has a special property owing to
the inherent particle-hole symmetry of the material: it is
bound to zero energy, so that there is no cost to occupy
such a state. One dimensional (1D) topological supercon-
ductor supports a non-local fermionic mode comprising
two Majorana zero modes localized at opposite ends of
the chain and are separated by a distance that can be
much larger than the superconducting coherence length.
An odd number of Majorana zero modes emerges per wire
end; this is consistent with the fact that an even num-
ber of Majorana modes can pair up and locally form an
Andreev state (which is a conventional fermionic state).
Recent investigations have shown8–11 that a proxim-
ity of semiconductor with s-wave superconductor induces
not only s-wave but also p-wave superconducting pair-
ing in the semiconductor. The pairing symmetry of a
BCS-type two dimensional (2D) superconductor with-
out inversion symmetry when the twofold degeneracy of
the electron energy spectrum is lifted by SOC has been
studied8,12,13 to be a mixture of singlet and triplet sym-
metries. Recently Reeg and Maslov have shown10 by
directly solving the fully quantum-mechanical Gor’kov
equations that spin-triplet superconducting correlations
are induced by Rashba SOC in both 1D and 2D prox-
imity junctions via the proximity effect. Furthermore,
the induced triplet component in 1D was shown to van-
ish when integrated over the momentum; this result is in
agreement with Ref. [9]. The induced triplet amplitude
in 2D was found to have an odd-frequency component
that is isotropic in momentum.
In this work we study Josephson junction (JJ) of two
superconductors with p-wave pairing of spinfull electrons
separated by a δ-function like insulator potential. JJ
consisting of p-wave superconductors in both sides of the
junction has been studied14 for a δ-like insulator poten-
tial in the absence of SOC and Zeeman magnetic field.
Since the superconductor is in the topological phase, a
fractional oscillation of Josephson current was obtained
in Ref. [14]. The emergence of Majorana zero mode re-
sults in exotic Josephson effects1,15–18, when the current
flowing between two topological superconductors in the
junction oscillates with a fractional periodicity 4π instead
of 2π periodicity in a conventional Josephson junction.
Additionally, spin Josephson current19–22 may flow across
the junction, which is shown16,17 also to be 4π periodic in
the field orientations as a manifestation of the Majorana
modes.
Josephson current in a junction of two s-wave sym-
metric superconductors has been studied by us in our
previous work18. In this work we study the Joseph-
son current through a junction of two superconductors
with p-wave pairing of spinfull electrons. This problem
has been usually studied for spinless model1, although
many aspects of spinfull p-wave symmetric JJ have been
investigated23–27 in the literatures. Furthermore, in this
paper we want to understand how do SOC and exter-
nal magnetic fields change Josephson current in p-type
JJ separated by a δ-potential insulator. Similar effects
have studied in Ref. [18] for a junction consisting of s-
wave SCs separated by δ-potential thin insulator. Note
that, the Josephson current in the case of proximity in-
duced both s- and p-wave pairings in JJ , as argued in
several recent papers8–11, can be found by summing up
a corresponding result of Ref. [18] with that presented
in this paper. We show in this paper that the Andreev
tunneling occurs in three channels, and clarify the ori-
gin of these channels. Two additional channels seem to
vanish with in-plane magnetic field. All contributions to
the Josphson current oscillate with fractional periodicity
either with phase difference of the SC order parameters
ϕ or with tilded angle θ between the in-plane magnetic
field and JJ. Simultaneous action of SOC and Zeeman
magnetic fields results in openning of a forbidden gap in
dependence of Josephson current on the phases at some
definite values of SOC and magnetic fields.
The paper is organized as follow. In the next Sec-
tion formulation of the problem is presented. In Section
III Andreev bound state energy is calculated for differ-
ent values of the external parameters as SOC constant,
Zeenam energies for the magnetic fields normal to the
junction h and the tilted magnetic field B lying in the
junction plane and forming an angle θ with SC wire. Sec-
tion IV describes Josephson current as well as magneto-
Josephson effect in the junction. ac-Josephson current
and effects of SOC and magnetic field on the Shapiro
step in the JJ of p-wave superconductors are studied in
the last Section V.
II. MODEL AND FORMULATION OF THE
PROBLEM
We consider a junction of two 1D nanowires of proxim-
ity induced px-wave pairing symmetry superconductivity,
3having the effective pairing potentials ∆L and ∆R on
the left(L)- and right (R)-side of an insulating potential
barrier separated two superconductors, in the presence
of Rashba spin-orbital interaction and external Zeeman
magnetic fields. Hamiltonian for such a system reads
Hˆ = HˆSC + HˆR, (1)
where HˆSC is Hamiltonian of the nanowire in the pres-
ence of external magnetic fields and HˆR represents
Rashba SOI. The former term is given by
HˆSC =
∫
dx
{∑
σ,σ′
ψ†σ(x)
[
[ξkˆ + U(x)]σ0 + hσz
+B{[σx cos θ1 + σy sin θ1]θ(−x) + [σx cos θ2
+σy sin θ2]θ(x)}
]
ψσ′(x)
+ [∆Lθ(−x) + ∆Rθ(x)]ψ†↑(x)ψ†↓(x) + h.c.
}
,(2)
where ξkˆ = ǫ
(
~
i
∂
∂x
)− ǫF denotes the electron kinetic en-
ergy as measured from the Fermi level ǫF , ψσ(x) is the
electron annihilation operator, h and B are external Zee-
man magnetic fields in z direction and in the x-y plane re-
spectively, θ(x) is the Heaviside step function, and σx,y,z
and σ0 denote Pauli and identity matrices respectively
in spin space. Note that the magnetic field B forms an
angle θ with wire which can be tuned externally. In what
follows, we choose B in the left side of the junction to be
aligned along the wire (θL = 0) while in the right side it
is chosen to make an angle θ with it (θR = θ). In Eq.
(2), the pairing potential ∆R in the right of the junction
is chosen to have a phase difference ϕ compared to its
left counterpart: ∆R = |∆| exp(iϕ) and ∆L = |∆|. The
potential U(x) = U0δ(x), located at x = 0, represents
the barrier potential between two superconductors. The
Hamiltonian of Rashba SOI can be written as
HˆR =
∑
σ,σ′
∫
dxψ†σ(x)α [vxσz ]ψσ′(x), (3)
where α is the strength of Rashba SOI which is chosen
to be the same for both wires.
The order parameter ∆tα,β(kˆ) for triplet pairing with
S = 1 can be presented as28,29
∆tα,β(kˆ) = ∆d(k)(iσσy)α,β (4)
where d(k) is odd function of k, d(k) = −d(−k), and
can be expanded over spherical harmonics
dα(k) =
l∑
m=−l
bαl,mYl,m(kˆ). (5)
The quantum number l in Eq. (5) takes odd values
1, 3, . . . corresponding to states of p, f, . . . - pairings. The
coefficient bαl,m can be identified as α component of the su-
perconducting order parameter with given l andm. For a
simple case of p-wave pairing for l = 1 and m = −1, 0, 1,
dα(k) can be expressed with the appropriate expressions
for the spherical harmonics Y1,−1 ∝ (kˆx− ikˆy), Y1,0 ∝ kˆz,
and Y1,1 ∝ (kˆx + ikˆy), as,
dα(k) = Aα,ikˆi. (6)
Thereby, the px-wave symmetric order parameter
∆a,σ(x, kx) on the a = R,L-side of a junction between
two superconductors aligned along the x-axis can be ex-
pressed as,
∆a,σ(x, kx) = ∆a
kx
kF
. (7)
It is advantageous to use a four component field oper-
ator for bulk superconductor at the right (a = R) and
left (a = L) side of the junction as,
Ψ†a(x) =
(
ψ†a,↑,+(x), ψ
†
a,↓,+(x), ψa,↓,−(x), ψa,↑,−(x)
)
(8)
Here the third subscript of the annihilation operator
(which we shall designate henceforth as b) labels the
right- (b = +) and the left-moving (b = −) quasiparticles
respectively while the index a = R,L denotes either right
(R = −) or left (L = +) superconductor. In terms of the
field operator given by Eq. (8), the Hamiltonian (Eq. (1))
can be written as Hˆ =
∑
a=R,L
∫
dxΨ†a(x)HaΨa(x) us-
ing the Pauli matrices σi in spin- and τi in particle-hole
spaces. From Eqs. (1) and (2), we find
HR = ξk,bτzσ0 + hτ0σz − ikατzσz (9)
+Bτz (σx cos θ + σy sin θ) + |∆|(τx cosϕ− τy sinϕ)σz ,
and HL = HR(θ = 0;ϕ = 0). In Eq. (9), the en-
ergy spectrum of the electrons are linearized around
the positive and negative Fermi momenta leading to
ξk,b = bvF
(−i ∂∂x − kF ), where vF is the Fermi energy.
Note that the Hamiltonian HR,L acquires a magnetism-
superconductivity duality17,30 in the absence of the ki-
netic term, implying that it becomes invariant under the
transformation {∆, ǫF , ϕ, τi} → {B, h,−θ, σi}. The exis-
tence of a magneto-Josephson effect in a topological in-
sulator is known to be a result of this duality17. We shall
see that for the system we study, the magneto-Josephson
effect takes place even in the presence of the additional
quadratic kinetic energy term of the electrons.
The energy spectrum of a quasi-particle in a ’bulk’
quasi-1D superconductor is determined from the expres-
sion Det|HR − E| = 0, yielding
4(
E2 − v2Fk2 + α2k2 − h2 −B2 − |∆|2
)2
+ 4 (EkvF + hαk)
2 − 4|∆|2 (v2Fk2 +B2 + h2) = 0. (10)
This equation does not yield a simple analytic expression
for E, while it contains a linear in energy term, which is
a result of an alignment of h and the effective magnetic
field of the SOI ∝ αk. The linear in E term vanishes for
either h = 0 or α = 0, and Eq. (10) turns to quadratic
equation for E2, which gives two symmetric dispersion
branches for quasi-particles and quasi-holes. Note that
square of the momentum k2±, where the subscripts in-
dices indicate the spin branches, can be obtained from
Eq. (10). The evident expression for k2± is presented by
Eq. (A2) in Appendix. Equation (10) is strongly simpli-
fied for different limiting cases, and yields the following
expressions for the energy dispersion,
E =


±
√
|∆|2 − v2Fk2 if α = B = h = 0,
s
[√
|∆|2 − v2F k2 ±
√
B2 + h2
]
if α = 0, B 6= 0, h 6= 0,
s
√
B2 + |∆|2 − (v2F + α2)k2 ± 2
√
v2Fα
2k4 + |∆|2B2 − v2F k2B2 if h = 0, α 6= 0, B 6= 0,
(11)
where s = ± indicates the particle- and hole-branches
of the spectrum. The energy levels of the Bogolyubov-
de Gennes (BdG) quasi-particles lie in the gap, sym-
metric to the Fermi level. SOI and/or magnetic field
h split both electron and hole levels due to Rashba
’momentum-shifting’ and/or Zeeman effect. The ’Fermi
points’ around +kF and −kF are split also due to these
effects. At the same time, the magnetic field makes the
energy dispersion asymmetric. Note that in our case, all
energies are measured from the Fermi energy; thus the
condition for realization of a topological non-trivial su-
perconducting gapped phase is |∆|2 ≥ B2+h2,17. Indeed,
zero energy mode (E = 0) at the center of the Brillouin
zone (k = 0) appears according to Eq. (10) under the
condition |∆|2 −B2 − h2 = 0.
BdG equations for an isolated ’bulk’ superconductor in
the case of an infinitely high potential between the right
(R)- and left (L) parts (a = R,L) of the barrier is written
as
Haηa(x) = Eηa(x), a = R,L (12)
where the four-component vector ηa(x) =(
η†a,↑,+(x), η
†
a,↓,+(x), ηa,↓,−(x), ηa,↑,−(x)
)
denotes
the BdG wave function. In order to get the explicit
expressions for the wave functions ηa,σ,b and η
∗
a,σ¯,b we
write Eq. (12) for finite value of the external parameters
B, h and α as
(E + iabvFk + iabαk − h)ηa,↑,b −Be−iθηa,↓,b
−∆aη∗a,↓,b¯ = 0 (13)
(E + iabvFk − iabαk + h)ηa,↓,b −Beiθηa,↑,b
+∆aη
∗
a,↑,b¯ = 0 (14)
(E − iabvFk − iabαk − h)η∗a,↓,b¯ +Be−iθη∗a,↑,b¯
−∆∗aηa,↑,b = 0 (15)
(E − iabvFk + iabαk + h)η∗a,↑,b¯ +Beiθη∗a,↓,b¯
+∆∗aηa,↓,b = 0. (16)
In order to understand the features of Eqs. (13)-(16)
one considers several asymptotic cases. In the absence of
the in-plane magnetic field B = 0, these equations link
a particle wave function ηa,σ,b with the hole one η
∗
a,σ¯,b¯
of
an opposite spin-polarized and opposite direction-moved
quasiparticle state14 and vice-versa, provided that the
system is in a superconducting phase, ∆a 6= 0. Instead,
in the absence of a superconducting phase, ∆a = 0,
these equations link a particle (hole) wave function ηa,σ,b
with the particle (hole) wave function with opposite spin-
polarized quasiparticle state ηa,σ¯,b moving in the same
direction provided that B 6= 0. However, in the presence
of in-plane magnetic field B 6= 0 in the superconduction
phase ∆a 6= 0, Eqs. (13)-(16) connect a particle wave
function ηa,σ,b (a hole wave function η
∗
a,σ,b¯
) with hole
(particle) wave functions with the same η∗
a,σ,b¯
( ηa,σ,b)
and opposite η∗
a,σ¯,b¯
( ηa,σ¯,b) spin-polarized quasiparticle
states moving in the direction opposite to the particle
(hole) one. Eqs. (13)-(16) allow us to calculate all pos-
sible ratios η∗a,σ,b/ηa,σ¯,b¯, η
∗
a,σ,b/ηa,σ,b¯, and ηa,σ,b/ηa,σ¯,b,
η∗a,σ,b/η
∗
a,σ¯,b. Furthermore, we note that only the ratio
5η∗a,σ,b/ηa,σ¯,b¯ is non-zero for B = 0, which corresponds to
the conventional Andreev reflection at the boundary of
a superconductor with normal metal or insulator14. Eqs.
(13)-(16) provide the following expressions for these ra-
tios for arbitrary values of the parameters α, B, h,
η∗
a,↑,b¯
ηa,↓,b
= − 1
∆a,b
{
E + iabkvF − iabαk + h−
2B2(E − iabαk)
(E − h)2 + (kvF + αk)2 +B2 −∆2a,b
}
(17)
η∗
a,↑,b¯
ηa,↑,b
=
Beiθ
∆a,b
{
1−
2(E + iabαk)(E + iabkvF − iabαk + h)
(E + h)2 + (kvF − αk)2 +B2 −∆2a,b
}
, (18)
ηa,↑,b
ηa,↓,b
=
2B(E − iabαk)e−iθ
(E − h)2 + (kvF + kα)2 +B2 −∆2a,b
; (19)
where ∆a,b = b∆a according to Eq. (7), and ∆R =
|∆| exp(iϕ) and ∆L = |∆|. Note that the expressions
for
η∗
a,↓,b¯
ηa,↑,b
,
η∗
a,↓,b¯
ηa,↓,b
, and
ηa,↓,b
ηa,↑,b
can be obtained respectively
from Eqs. (17), (18), and (19) by replacing θ → −θ,
α → −α, h → −h, and by reversing the total sign of
these expressions. According to these expressions the
reflection channels, determined by the ratios
η∗
a,↓,b¯
ηa,↓,b
, and
ηa,↓,b
ηa,↑,b
, vanish with in-plane magnetic field B.
We note from Eqs. (13)-(16) that the dependencies of
these equations on ϕ and θ are completely removed by
transforming the wave functions as
η∗a(x) →
(
e−i(ϕ−θ)/2η∗a,↑,b¯(x), e
−i(ϕ+θ/2)η∗a,↓,b¯(x),
ei(ϕ+θ)/2ηa,↓,b(x), e
i(ϕ−θ)/2ηa,↑,b(x)
)
. (20)
In the transformed basis one has
η∗a,↑,b
ηa,↑,b¯
→ e−i(ϕ−θ) η
∗
a,↑,b
ηa,↑,b¯
,
η∗a,↓,b
ηa,↓,b¯
→ e−i(ϕ+θ) η
∗
a,↓,b
ηa,↓,b¯
(21)
η∗a,↑,b
ηa,↓,b¯
→ e−iϕ η
∗
a,↑,b
ηa,↓,b¯
,
η∗a,↓,b
ηa,↑,b¯
→ e−iϕ η
∗
a,↓,b
ηa,↑,b¯
(22)
η∗a,↑,b
η∗a,↓,b
→ eiθ η
∗
a,↑,b
η∗a,↓,b
,
ηa,↑,b
ηa,↓,b
→ e−iθ ηa,↑,b
ηa,↓,b
. (23)
The different ratios that appear in the left hand-side of
Eqs. (21)-(23) can be understood on follows. The ratio
η∗a,σ,b/ηa,σ¯,b¯ corresponds to the amplitude of conventional
Andreev reflection channel which constitutes reflection of
an electron-like quasiparticle to a hole-like quasiparticle
with opposite spin on a N-S interface. In contrast, the
ratio η∗a,σ,b/ηa,σ,b¯ which is finite only in the presence of
SOC and/or magnetic field, represents amplitude of An-
dreev reflection channel where the electron-like quasipar-
ticle incident on the interface is reflected to a hole-like
FIG. 1: (a) Splitting of an electron’s energy spectrum in
the presence of Rashba spin-orbital interaction is depicted by
dashed curve. Zeeman magnetic field removes the degeneracy
at the cross-point of two spin- polarized spectra, and opens
a gap of 2Ez width; (b) the band structure of 1D semicon-
ductor with strong spin- orbit interaction, transformed to a
superconducting state due to proximity effect.
quasiparticle state with the same spin orientation. Fi-
nally, the ratio ηa,σ,b/ηa,σ¯,b represents a usual reflection
channel of an electron-like quasiparticle on the boundary
without creation of a Cooper pair in a superconducting
part of the junction. We note that the ratio of wave func-
tions in Eq. (21) depend on both ϕ and θ while those in
Eqs. (22) and (23) depend on either ϕ or θ. This sug-
gests that the ratios (21) and (22) are responsible for the
dependence of observable parameters on the order pa-
rameter phase difference ϕ, whereas the ratios (21) and
(23) are responsible for the dependence on the magnetic
field orientation angle θ.
In what follows, we shall look for the localized subgap
Andreev bound states with ǫ(k) < |∆| for the Josephson
junction of two nanowires described by Eq. (1).
III. ANDREEV BOUND STATES, JOSEPHSON
AND MAGNETO-JOSEPHSON EFFECTS
In order to obtain a solution for the Andreev bound
states for the junction described by Eq. (2) one follows
the method used in Ref. [14]. The energy spectrum of
an electron is splitted in the presence of Rashba SOC
and/or Zeeman magnetic field, so that the Fermi level
crosses the dispersion curve at four points, corresponding
to right-mover kF+, kF− and left-mover −kF+, −kF−
particles with oppositely polarized spin-states (see, Fig.
1), and kF+ − kF− → 0, kF+, kF− → kF as α,B, h →
0. Furthermore, a condensation of the electron pairs in
a superconducting state opens a gap around the Fermi
level as is shown in Fig.1b. We neglect here a difference
between kF and kF+, kF−, and take kF+ ≈ kF− ≡ kF .
We assume that a transition occurs between the states
with the same chirality. In order to obtain the wave
function for L and R superconductors we superpose the
wave functions for the left (−) and right (+) moving BdG
quasiparticles correspondingly around the Fermi levels
6kF , and −kF with arbitrary coefficients,
ηa(x) = e
sgn(a)kx

e
ikFxAa


ηa,↑,+(k)
ηa,↓,−(k)
η∗a,↓,−(k)
η∗a,↑,+(k)

+ e−ikF xBa


ηa,↑,−(k)
ηa,↓,+(k)
η∗a,↓,+(k)
η∗a,↑,−(k)



 (24)
where sgn(a) = +(−) for a = L(R). SOC and mag-
netic field remove the spin degeneracy in a quasi-particle
(ηa,b) and a quasi-hole (η
∗
a,b) wave functions, and thereby
split the wave functions written for the conventional
superconductors14 as is shown in the above given expres-
sion.
Andreev bound state energies are obtained by impos-
ing the usual boundary conditions on each component of
these wave functions ηa(x). For a barrier modeled by the
delta function potential U(x) = U0δ(x), the boundary
conditions are provided at the merging point x = 0 of
two superconductors as,
ηL(0) = ηR(0), ∂xηR − ∂xηL = kFZη(0), (25)
where Z = 2mU0/~
2kF and the transmission coefficient
D is expressed through Z as D = 4/(Z2 + 4).
By choosing a pair of the wave functions from Eq. (24)
and substituting they into the boundary conditions (25)
one gets four linear homogeneous equations. The en-
ergy of the Andreev bound state for a transmission of
the barrier through a particular channel is obtained from
the determinant of these linear homogeneous equations.
Selection, e.g. the second and fourth equations of the
wave function (24) under the boundary conditions (25)
yields the following expression for the determinant,
F˜ ∗↑↓ =
1
D
η+,↓,+η−,↓,−η+,↓,−η−,↓,+F
∗
↑↓, (26)
where
F ∗↑↓ =
[
η∗−,↑,−
η−,↓,+
− η
∗
+,↑,−
η+,↓,+
] [
η∗+,↑,+
η+,↓,−
− η
∗
−,↑,+
η−,↓,−
]
−
(1−D)
[
η∗+,↑,−
η+,↓,+
− η
∗
−,↑,+
η−,↓,−
] [
η∗−,↑,−
η−,↓,+
− η
∗
+,↑,+
η+,↓,−
]
. (27)
Using Eq. (17) in this expression one gets an explicit
expression for F ∗↑↓
F ∗↑↓ = −
4e−iϕ
|∆|2M2−
{[
(E + h)M− + 2B
2E
]2 −D cos2 ϕ
2
×
[[
(E + h)M− − 2B2E
]2
+
[
k(vF − α)M− + 2B2αk
]2]}
,(28)
where
M± = (E ± h)2 + (vF ∓ α)2k2 +B2 − |∆|2. (29)
The expression for F ∗↓↑ is obtained from Eq. (28) by
replacing α → −α, h → −h and M− → M+, where
M+(α, h,B,∆) = M−(−α,−h,B,∆). Solution of the
equation F ∗↑↓(E↑↓) = 0 for energy, where F
∗
↑↓ is given by
Eq. (28), yields a contribution to the Andreev overlap
energy E↑↓ in the particle-hole channel.
Now we choose other pair, the first and fourth wave
functions of (24), and substitute they into the boundary
conditions (25). The determinant of four linear homoge-
neous equations yields the following expression to find the
Andreev quasi-particle energy in the anomalous particle-
hole channel, where the transition occurs between the
spin states with the same chirality,
F˜ ∗σσ(k) =
1
D
η+,σ,+(k)η−,σ,−(k)η+,σ,−(k)η−,σ,+(k)F
∗
σσ(k),
(30)
where F ∗↑↑(k) (F
∗
↓↓(k)) is obtained from Eq. (27) by re-
placing all spin-down (all spin-up) with spin-up (spin-
down). The evident expression for F ∗↑↑(k) is obtained by
using the ratio (18), which reads as,
F ∗↑↑ =
16B2e−i(φ−θ)
|∆|2M2+
{
(EkvF + αhk)
2 −
|∆|2 (E2 + α2k2) [1−D cos2 (φ− θ)
2
]}
. (31)
The expression for F ∗↓↓(k) can be obtained from Eq. (31)
by replacing α→ −α, h→ −h, θ → −θ, andM+ →M−.
The general feature of the Andreev quasi-particle energy
in the anomalous particle-hole channel E↑↑ with the same
spin orientation is that it takes non-zero values only in
the presence of in-plane magnetic field B. Therefore, it
depends on the angle θ between the junction and in-plane
magnetic field. Oscillation of the Josephson current with
θ yields a fractional magneto-Josephson effect.
Choice of the first and second equations of the wave
function (24) under the boundary conditions (25) yields
the following expression to determine the Andreev bound
state energy in the anomalous particle-particle or hole-
hole channel,
F˜↑↓(k) =
1
D
η−,↓,−(k)η+,↓,+(k)η+,↓,−(k)η−,↓,+(k)F↑↓(k),
(32)
7where F↑↓(k) is written as
F↑↓ =
[
η+,↑,+
η+,↓,+
− η−,↑,+
η−,↓,+
] [
η−,↑,−
η−,↓,−
− η+,↑,−
η+,↓,−
]
−
(1−D)
[
η+,↑,+
η+,↓,+
− η−,↑,−
η−,↓,−
] [
η−,↑,+
η−,↓,+
− η+,↑,−
η+,↓,−
]
. (33)
The evident expression for F↑↓ can be obtained by sub-
stituting Eq. (19) into Eq. (33), which yields,
F↑↓ = −16B
2e−iθ
M2−
{
α2k2 − (E2 + α2k2)D sin2 θ
2
}
. (34)
Note that the expression for F↓↑(k) can be obtained from
Eq. (33) by replacing α → −α, h → −h, θ → −θ, and
M− → M+. The main feature of the Andreev bound
state energy in the anomalous particle-particle channel
is that it survives only in the presence of the in-plane
magnetic field B and the spin-orbit interaction α. E′↑↓
and E′↓↑ vanish in the absence of one of the factors ei-
ther B or α, and they depend on the angle θ between
the in-plane magnetic field orientation and the junction,
contributing to the fractional magneto-Josephson effect.
Andreev bound state energies and Josephson current,
corresponding to different tunneling channels, demon-
strate completely different oscillation. The conditions
F ∗↑↓(E↑↓) = 0 and F
∗
↓↑(E↓↑) = 0 with Eq. (28) for F
∗
↑↓(E)
provide contributions to the Andreev bound state energy
in the particle-hole channel, which oscillates fractionally
with the order parameters’ phases difference ϕ. Addi-
tional contributions to the energy come from the condi-
tions F ∗↑↑(E↑↑) = 0 and F
∗
↓↓(E↓↓) = 0 with F
∗
↑↑ given
by Eq. (31), which arise only in the presence of an in-
plane magnetic field B and oscillate not only with ϕ but
also with θ. Contribution to the magneto-Josephson ef-
fect gives apart from the anomalous particle-hole channel
also the anomalous particle-particle channel under the
conditions F↑↓(E
′
↑↓) = 0 and F↓↑(E
′
↓↑) = 0, where the
evident expression for F↑↓ is given by Eq. (34). Fur-
thermore, the contribution coming from the anomalous
particle-particle channel vanishes not only at B = 0 but
also in the absence of the spin-orbit interaction, α = 0.
The total Andreev bound state energy E is obtained
by finding overlap energies for each channel from the
equations F ∗↑↓(E↑↓) = 0, F
∗
↓↑(E↓↑) = 0, F
∗
↑↑(E↑↑) = 0,
F ∗↓↓(E↓↓) = 0, and F↑↓(E
′
↑↓) = 0, F↓↑(E
′
↓↑) = 0, and sum-
ming up of all the coupling energies E(ϕ, θ) = E↑↓(ϕ) +
E↓↑(ϕ)+E↑↑(ϕ, θ)+E↓↓(ϕ, θ)+E
′
↑↓(θ)+E
′
↓↑(θ) in each re-
flection channel. Below we calculate the Andreev bound
state energies for several asymptotic cases.
A. Andreev bound state energy in the absence of
in-plane magnetic field, B = 0.
Contribution to the Andreev bound state energy in
the absence of in-plane magnetic field B = 0 comes only
from the particle-hole scattering channel, determined by
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FIG. 2: Andreev bound state energy E↑↓ in the particle-hole
channel for B = h = 0, D = 0.3 and (a) α = 0.2, (b) α = 0.5
and the energy E↓↑ under the same conditions for (c) α = 0.2
and (d) α = 0.5. Note that all energy parameters E↑↓, E↓↑,
B, and h in the figures are given dimensionless in the scale of
∆. α is also dimensionless in the scale of vF .
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FIG. 3: Andreev bound state energy E↑↓ in the particle-hole
channel under the conditions B = α = 0, D = 0.3, for (a)
h = 0.2, (b) h = 0.45, and the energy E↓↑ under the same
conditions, for (c) h = 0.2, (d) h = 0.45.
scattering amplitude Eq. (17), and all other channels
vanish under this condition. The evident expression for
the bound state energy in the particle-hole channel is
obtained from the equation F ∗↑↓(E↑↓) = 0, where F
∗
↑↓ is
given by Eq. (28). The general expression for E↑↓ when
all the external parameters take non-zero values, α 6= 0,
B 6= 0 and h 6= 0, can be obtained from the expression
(A1) in Appendix. By putting B = 0 in this equation
and replacing k2 according to Eq. (A2) in Appendix one
gets the following equation after routine calculations,
8[
(E↑↓ + h)
2
(
1−D cos2 ϕ
2
)
−
(
vF − α
vF + α
)
(E2↑↓ − h2 −∆2)D cos2
ϕ
2
]2
+
4D cos2 ϕ2
(vF + α)2
{
(E↑↓ + h)
2
(
1−D cos2 ϕ
2
) [
(E↑↓vF + αh)
2 −∆2v2F
]− (vF − α)2h2∆2D cos2 ϕ
2
}
= 0. (35)
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FIG. 4: Andreev bound state energy E↑↓ in the particle-hole
channel for B = 0, D = 0.3 and α = 0.4 (a) h = 0.3, (b)
h = 0.5001, (c) h = 0.506, (d) h = 0.5185.
This equation is fourth order in E↑↓ equation, and it can
be in principle solved analytically. Equation (35) yields
exact analytical solutions for E↑↓ in several asymptotic
cases.
This equation is further simplified for
h=0, α =0, (B=0), yielding
E± ≡ E↑↓ = ±E0 ≡ ±|∆|
√
D cos
ϕ
2
, (36)
which reproduces the well-known result14 for the Andreev
bound state energy of JJ with p-wave superconductors
in the absence of magnetic field and spin-orbit interac-
tions. This expression provides the energy spectrum of
quasi-electron and quasi-hole excitations, symmetrically
located around the Fermi level in the gap.
In the case of h = 0 and α 6= 0 (B = 0), Rashba spin-
orbit interaction splits both quasi-electron and quasi-hole
spectra, and Eq. (35) yields four solutions for the bound
state energy,
E = E↑↓ = s
√
D|∆| (vF±α)(vF+α) cos
ϕ
2√
1−D cos2 ϕ2 (vF+α)
2−(vF±α)2
(vF+α)2
, (37)
where s = ± assigns the electron and hole branches of
the spectrum. Two solutions of this expression coincides
with Eq. (36), and do not depend on the strength of
Rashba spin-orbit interaction. Nevertheless other two
solutions depend on α. The expression for Andreev’s
bound state energy E↓↑, as mentioned above, is obtained
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FIG. 5: Andreev bound state energy E↓↑ in the particle-hole
channel for B = 0, D = 0.3 and α = 0.4, (a) h = 0.3, (b)
h = 0.5001, (c) h = 0.506, (d) h = 0.8.
by replacement of α→ −α in the expression (37) written
for E↑↓. Figs.2a, b and Figs.2c, d depict the dependence
of E = E↑↓ and E↓↑ respectively on ϕ for two different
values of α when α = 0.2 and α = 0.5. According to
the figures, two branches of Andreev’s bound state en-
ergy, drawn by blue and dashed curves in Figs.2 do not
depend on α. Nevertheless, other two branches of E↑↓
(of E↓↑) decrease (increase) with increasing the strength
of Rashba SOC. Note here that the parameters in all
figures are given in a dimensionless form as E → E/∆,
k → (kvF )/∆, h→ h/∆, B→ B/∆, and α → α/vF . In
this limiting case, the quasi-electron and quasi-hole spec-
tra are again symmetrically located around the Fermi
level.
In the case of α = 0 and h 6= 0 (B = 0) Equation
(35) yields the following expression for the Andreev
bound state energy in this limit,
E+↑↓ = −h
[
1− 2D cos2 ϕ
2
]
+s
√
D cos
ϕ
2
√
∆2 − 4h2 + 4Dh2 cos2 ϕ
2
E−↑↓ = −h+ s
√
D
√
∆2 − 4h2 cos ϕ
2
(38)
Andreev bound states are split again due to Zeeman ef-
fect. The dependence of E±↑↓ ≡ E↑↓ on ϕ is depicted
in Figs. 3 a, b for two different values of h. Note that
contribution to Andreev bound state energy E↓↑, found
from the condition of F ∗↓↑ = 0, can be obtained again
by replacing h → −h, α → −α, and θ → −θ in Eqs.
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FIG. 6: Andreev bound state energy E↑↓ in the particle-hole
channel for h = 0, D = 0.3 and α = 0.3 (a) B = 0.5, (b)
B = 0.83, (c) B = 0.96, (d) B = 1.03, (e) B = 1.063, and (f)
B = 1.1.
(36), (37), and (38). The dependence of E↓↑ on ϕ for
different values of h is depicted in Figs. 3 c and d for
completeness. Two branches of solution (38) differ from
those given by Eq. (36) by shifting only the particle and
hole pairs E↑↓ (E↓↑) to the value of −h ( +h), without
changing their oscillation characteristics (see, Figs. 3 a,
b and c, d). As it is seen clearly from Figs. 3 a, b (Figs.
3 c, d) the magnetic field reduces considerably the ampli-
tude of the fractional oscillation for other two solutions
of E↑↓ (E↓↑), at the same time shifts down (up) asym-
metrically the quasi-particle and quasi-hole spectra. One
of the quasi-hole (quasi-particle) branch of E↑↓ (E↓↑) is
pushed off from the gap at higher magnetic field when
h > hc = 0.46∆.
The general case for B = 0, but α 6= 0 and h 6= 0 is
calculated numerically according to Eq. (35) writing
this equation in the dimensionless parameters such as
E˜ = E/∆, k˜ = (kvF )/∆, h˜ = h/∆, B˜ = B/∆, and
α˜ = α/vF . Fig. 4 shows the dependence of E↑↓ on
ϕ for D = 0.3 and α˜ = 0.4 with different values of
h˜, h˜ = 0.3; 0.5001; 0.506; and 0.5185 (the parameters
in all figures are given without tilde). One of the
quasi-electron and quasi-hole pair of the spectrum,
depicted by solid (blue and red) lines in Fig. 4, shifts
down with increasing the magnetic field h without
changing the form and amplitude. The amplitude of
the other quasi-electron and quasi-hole branch of E↑↓
(drawn by dashed blue and red curves) decreases, and
the form of the curves is deformed with increasing the
magnetic field h. At h˜ > h˜g = 0.5001 a forbidden gap
appears in the spectrum, i.e. as it is seen in Fig. 4c the
-6 -4 -2 0 2 4 6
-0.5
0.0
0.5
φ
E↑↑
a)
-6 -4 -2 0 2 4 6
-1.0
-0.5
0.0
0.5
1.0
φ
E↑↑
b)
FIG. 7: Andreev bound state energy E↑↑ in the anomalous
particle-hole channel for h = 0, D = 0.3 and α = 0.2, (a)
B = 0.2, (b) B = 0.5.
quasi-electron and quasi-hole states disappear for some
values of the order parameter phase difference ϕ. The
quasi-particle and quasi-hole states, shown by dashed
(blue and red) curves in Fig. 4 vanishes by further
increasing of the magnetic field at h˜ > h˜c = 0.51921. For
completeness, E↓↑ vs. ϕ dependence is calculated also
for h = 0.3; 0.5001; 0.506; and 0.5185 under the condition
of B = 0, α = 0.4 and D = 0.3, which is depicted in
Fig. 5. As it is expected, E↓↑ behaves like E↑↓, i.e. the
magnetic field shifts up one of the quasi-partice and
quasi-hole pair, drawn by solid blue and red curves in
Fig. 5 without changing the amplitude and form. The
other pair, presented by dashed blue and red curves
Fig. 5 deforms and amplitude decreases with increasing
the magnetic field h. For h > 0.5001 a forbidden gap
is opened (see, Fig. 5 b) in the spectrum. This branch
(dashed curves in Fig. 5 c, d) squeezes and disappears
for h > hc = 0.91124.
B. Andreev bound state energy in the presence of
in-plane magnetic field B 6= 0
In the presence of the in-plane magnetic field B all
three channels described by Eqs. (17)- (23) give contribu-
tions to Andreev bound state energy E. The expressions
for general dependencies of E↑↓, E↑↑ and E
′
↑↓ on α, B, h
can be obtained from the Equations (A1), (A3) and (A5)
presented in Appendix after replacement of k2 by E ac-
cording to Eq. (A2). These equations can be solved
analytically for energy in several asymptotic cases. Note
that main contribution to Andreev bound state energy
still gives the conventional particle-hole channel.
The case of α =0, B 6= 0,and h 6= 0. In this limiting
case an interference between SOC-induced effective mag-
netic field and h vanishes, and hence the energy spectrum
depends on the modulus of total magnetic field according
to Eq. (11) as H =
√
B2 + h2. The expression (A1) for
E↑↓ is strongly simplified in this limiting case, and sub-
stitution of k2 from Eq. (11) into this expression yields,
E±↑↓ = ±
√
B2 + h2 + s∆
√
D cos
ϕ
2
, (39)
where s = ±. The Andreev bound state energy in the
anomalous particle-hole channel E↑↑ can be found in this
limiting case from the general expression given by Eq.
10
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FIG. 8: Andreev bound state energy E′↑↓ in the anomalous
particle-particle channel for h = 0, D = 0.3 and α = 0.2, (a)
B = 0.2, (b) B = 0.7, (c) B = 1.0, and (d) B = 1.2.
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FIG. 9: Andreev bound state energy E↑↓ in the particle-hole
channel for D = 0.3, α = 0.3, and B = 0.4 (a) h = 0.2, (b)
h = 0.4, (c) h = 0.6, and (d) h = 0.8.
(A4) yielding,
E±↑↑ = ±
√
B2 + h2 + s∆
√
D cos
ϕ− θ
2
. (40)
This expression differs from that given by (39) for E↑↓
by dependence of cosine function not only on ϕ but also
on θ.
Contribution to Andreev bound state energy from the
third anomalous particle-particle channel vanishes, as is
seen from Eq. (A6), in this limiting case. So, one can
state that the third channel survives and gives a contri-
bution to the bound state energy only in the presence of
SOC (α 6= 0) and in-plane magnetic field (B 6= 0) in the
system. An absence at least one of these factors destroys
this channel. The total Andreev bound state energy in
this limiting case contains (39) and (40), and also the
energies E↓↑ and E↓↓, obtained from (39) and (40) by
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FIG. 10: Andreev bound state energy E↓↑ in the particle-hole
channel for D = 0.3, α = 0.3, and B = 0.4 (a) h = 0.2, (b)
h = 0.4, (c) h = 0.6, and (d) h = 0.8.
replacements α→ −α, h→ −h, θ → −θ,
E = ±4
√
B2 + h2 + s∆
√
D
{
2 cos
ϕ
2
+
cos
ϕ− θ
2
+ cos
ϕ+ θ
2
}
. (41)
The case of h = 0, α 6= 0 and B 6= 0. The expression
F ∗↑↓ = 0 can be simplified for h = 0 and α 6= 0, B 6=
0. Routine calculations yield the following expression to
determine E↑↓,
E2↑↓
{
k2
[
vFα(B
2 +∆2 − E2↑↓)− v2FB2
]−
vFα
(vF + α)2
(E2↑↓ −B2 −∆2)2 +∆2B2
}
−
D∆2 cos2
ϕ
2
{
k2α
[
vF (∆
2 − E2↑↓)−B2(vF − α)
] −
vFα
(vF + α)2
[
(E2↑↓ +∆
2 −B2)2 − 4E2↑↓∆2
]
+
(
vF − α
vF + α
)2
E2↑↓B
2
}
= 0 (42)
One can put the expression for k2± from (A2) and solve
numerically this equation for E↑↓. Fig. 6 shows the de-
pendence of E↑↓ on different values of the in-plane mag-
netic field B for particular value of α = 0.3 and h = 0.
One quasi-particle and quasi-hole pair in the spectrum,
depicted in blue (dashed lines) is enlarged and is par-
tially pushed off from the gap with increasing the in-
plane magnetic field B at B > Bc ≈ 0.55. On the other
hand the pair, depicted in red in Fig. 6, is narrowed with
increasing B, and the gap is opened in the spectrum at
B > Bc ≈ 0.95. Further increase in B makes this branch
of the spectrum again regular at B > 1.063.
The dependence of E↑↑ on ϕ in the anomalous particle-
hole channel for non-zero values of the external param-
eters B and α but for h = 0 is depicted in Fig. 7 for
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FIG. 11: Andreev bound state energy E↑↑ in the particle-
particle channel for D = 0.3, α = 0.2, (a) B = 0.3, h = 0.2,
(b) B = 0.3, h = 0.5, (c) B = 0.3, h = 0.98, and (d) B = 0.8,
h = 0.58.
α = 0.2, h = 0, D = 0.3 (a) B = 0.2 and (b) B = 0.5.
The quasi-electron (quasi-hole) dispersion at h = 0 is
shifted to higher (lower) values with increasing B and/or
α without changing the shape and symmetry of the en-
ergy spectrum.
The third anomalous particle-particle channel gives
a contribution E′ to the Andreev bound state energy,
hence to fractional magneto-Josephson effect provided
that both parametersB and α take non-zero values. Con-
tribution to E′ now is calculated according to Eqs. (A5)
and (A2). The numerical calculations for E′ dependence
on θ for the case of h = 0 when B takes different values
is presented in Fig. 8. According to Fig. 8 one of the
quasi-particle and quasi-hole branch drawn by solid blue
and red curves enlarges with in-plane magnetic field B,
nevertheless the (particle-hole) symmetry is preserved for
all curves. The other branch of the spectrum drawn by
dashed red and blue curves squees and disappears (see,
Fig. 8c) when B approachs unity. For higher values of
B the forbidden gap (shown in Fig. 8d) appears in the
spectrum.
In the case of h 6= 0, α 6= 0 and B 6= 0 out-of-plane
magnetic field h destroys a particle-hole symmetry in
the spectrum. Dependence of E↑↓ and E↓↑ on ϕ in
the particle-hole channel is depicted in Figs. 9 and 10
for finite B = 0.4 and different values of h, h = 0.2,
h = 0.4, h = 0.6, and h = 0.8. The magnetic field seemly
does not change the amplitude and structure one of the
quasi-particle and quasi-hole energy pair, drawn by blue
and dashed curves in Figs. 9 and 10. These bound state
energies are shifted along the energy axis only. Instead,
the magnetic fields strongly change other quasi-particle
and quasi-hole pair, presented by red and solid curves
in Figs. 9 and 10. This pair of the bound state energy
is reduced in amplitude with increasing the magnetic
field. At h > hc = 0.623 a forbidden gap appears in the
spectrum, and hc increases with increasing B.
Numerical calculation of the Andreev bound state en-
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FIG. 12: Andreev bound state energy E′↑↓ in the anomalous
particle-hole channel for D = 0.3, α = 0.2, (a) h = 0.2,
B = 0.3 (b) h = 0.5, B = 0.3 (c) h = 0.8, B = 0.6 (d)
h = 0.9, B = 0.6.
ergy E↑↑ in the anomalous particle-hole channel is shown
in Fig.11. The dashed (red and blue) curves, correspond-
ing to spin-up branches of the bound energy, move away
each other with increasing the magnetic fields. Instead
the solid (blue and red) curves, corresponding to the spin-
down branch’s of the spectrum, is slightly narrowed with
increasing the magnetic field.
Andreev bound state energy E′↑↓ in anomalous
particle-particle channel is calculated for non-zero val-
ues of α and magnetic fields B and h, the result of which
is presented in Fig. 12. The solid (blue and red) curves,
corresponding to spin-up branch of the spectrum in the
figure inclreases in amplitude with increasing the mag-
netic fields up to values
√
h2 +B2 = 1. Instead the
dashed (blue and red) curves, corresponding to spin-
down branches of the spectrum, are narrowed and disap-
pear at
√
h2 +B2 = 1. A gap is opened in the spectrum
with further increase in the magnetic fields.
IV. EQUILIBRIUM JOSEPHSON CURRENT
AND SPIN CURRENT
Josephson current carried by a quasi-particle state a
at zero temperature is
Ja =
2e
~
∂Ea
∂ϕ
(43)
The current flowing thought the quasi-particle and quasi-
hole states J± in the simplest case of B = h = 0 but
α 6= 0 can be obtained from the tunneling energy given
by Eq. (37). For J+, when the Andreev bound state
energy becomes
E+↑↓ = s
√
D∆cos
ϕ
2
(44)
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with s = ± assigning the quasi-particle and quasi-hole
pair, one gets,
J+s = −s
e∆
√
D
~
sin
ϕ
2
. (45)
For other particle-hole pair of the bound state energy Eq.
(37)
E−↑↓ = s
√
D∆
vF−α
vF+α√
1−D 4vFα(vF+α)2 cos2
ϕ
2
cos
ϕ
2
(46)
Josephson energy J−s reads as
J−s = −s
e
√
D∆
~
vF−α
vF+α[
1−D 4vFα(vF+α)2 cos2
ϕ
2
]3/2 sin ϕ2 . (47)
In thermodynamic equilibrium at temperature T the
total contribution of the Andreev bound states to the
Josephson current can be calculated according to the ex-
pression
J =
2e
~
∑
n=±
∂En↑↓
∂ϕ
f(En↑↓) = −
2e
~
∑
n=±
∂En↑↓
∂ϕ
tanh
(
En↑↓
2kBT
)
,
(48)
where the expression of E±↑↓ are presented by Eqs. (44)
and (46). Taking into accout the expressions for the en-
ergies one gets for Josephson current in the simplest case
when B = h = 0 and α 6= 0
J =
e
√
D∆
~
sin
ϕ
2
{
tanh
√
D∆cos ϕ2
2kBT
+
vF−α
vF+α[
1− 4vFαD cos2
ϕ
2
(vF+α)2
]3/2 tanh
√
D∆vF−αvF+α cos
ϕ
2
2kBT
√
1− 4vFαD cos2
ϕ
2
(vF+α)2
}
.(49)
Josephson current in this case will depend on the Rashba
SOC coefficient α, which can be experimentally deter-
mined.
Josephson current in the case of B = α = 0 and h 6= 0
can be calculated by using the expressions 38 for Andreev
bound state energies E±↑↓. In this case the magnetic field
h makes asymmetric the bound energy. For simplicity we
calculate here the total Josephson current
I(h, T ) = I↑↓ + I↓↑ (50)
which correspon to bound state energies E±↑↓ and E
±
↓↑
respectively. The routine calculations yield
I(h, T ) =
2e
~
[
hD sinϕ+
√
D
2
sin
ϕ
2
D
2 + 4h2D cos2 ϕ2
D
]
tanh
−h (1− 2D cos2 ϕ2 )+√DD cos ϕ2
2kBT
−
2e
~
[
hD sinϕ−
√
D
2
sin
ϕ
2
D
2 + 4h2D cos2 ϕ2
D
]
tanh
h
(
1− 2D cos2 ϕ2
)
+
√
DD cos ϕ2
2kBT
+
e
~
∆
√
D sin
ϕ
2
[
tanh
−h+∆√D cos ϕ2
2kBT
+ tanh
h+∆
√
D cos ϕ2
2kBT
]
, (51)
where D =
√
∆2 − 4h2 (1−D cos2 ϕ2 ). In two limiting
case this expression is simplified. At D → 0 and h > kBT
Eq. (51) yields
I(h, T ) = −4e
~
hD sinϕ. (52)
In the opposite case, when D → 0 and h < kBT one gets,
I =
e
~
D
∆2 − 2h2
kBT
sinϕ. (53)
The Josephson current is given as a partial derivative
of the system’s energy with respect to the superconduct-
ing phase ϕ as JQ =
2e
~
∂〈H〉
∂ϕ , where H is the system’s
Hamiltonian. In the case of topological insulator edges,
the spin currents arise as the exact duals of the Josephson
current, JS =
∂〈H〉
∂θ . We define θ as the angle between the
wire and the Zeeman field, which is also exact dual to the
superconducting phase ϕ. Thereby, spin Josephson cur-
rents jS are equivalent to torques
31 (driven partly by the
Majoranas) that the wire domains apply on the external
magnets. Our calculations allow us to find the spin cur-
rent. Indeed, Andreev bound state energies in anomalous
particle-hole channel E↑↑(ϕ, θ), E↓↓(ϕ, θ) and in anoma-
lous particle-particle channel E′↑↓(θ), E
′
↓↑(θ) give con-
tribution to the spin-Josephson current, which oscillate
with 4π periodicity.
13
V. AC JOSEPHSON EFFECT
In this section, we compute the AC Josephson effect
for the tunnel junctions mentioned above. If there is the
voltage in Josephson junction V (t) = V0+V1 cosωt, then
from Josephson relation φ˙ = 2eV/~ we get
φ(t) = ϕ0 + ωJ t+ α1 sinωt, (54)
where ωJ = 2eV0/~ and α1 = 2eV1/(~ω). To obtain
the AC Josephson current for such a voltage-biased JJ,
we use the following procedure. We consider a JJ with
phase difference φ and having Andreev bound state en-
ergies En[φ, θ;α, h,B]. The Josephson current at T = 0
can be obtained from these bound states by using IJ =
(2e/~)
∑
n ∂En/∂φ θ(−En). One can then obtain the AC
Josephson current by the replacement
IACJ = IJ [φ→ φ(t)] (55)
For example, for pristine p− wave JJs with α = h = B =
0, where E = ±∆
√
D cos(φ/2) according to Eq. (36), this
procedure leads to
IACJ1 =
I0
2
√
D
∑
n
Jn(α1/2) sin[(ϕ0 + (ωJ − 2nω)t)/2]
(56)
where I0 = 2e∆/~ and we have used the identity
exp[ia sin θ] =
∑
n Jn[a] exp[inθ]. Eq. (56) reflects the
fact that for p-wave junction one has Shapiro steps at
ωJ/ωn = 2n for integer n; the odd Shapiro steps are ab-
sent. The width of the step corresponding to n = n0 is
given by
∆I1 =
∣∣∣I0√DJn0(α1/2)∣∣∣ (57)
where we have used the fact that the maximum width of
the step occurs at ϕ0 = ϕ
m
0 = π. The dependence of the
step width on α1 for different values of n0 = 0, 1, 2, 3 is
presented in Fig. 13.
Next, we apply this procedure for the case where B =
h = 0 but α 6= 0. The Andreev bound state energy is
given by Eq. (37) and consists of four branches, i.e. each
electron and hole branch is split into two states. One
of these split states, corresponding to the + sign (Eq.
37) are independent of α. For these two states, the AC
Josephson current can be easily shown to be given by
Eq. (56); the corresponding Shapiro step width is given
by Eq. (57). In contrast, the energy dispersion of the
other two branches with designated by − sign (Eq. 37)
depend on the ratio α/vF and can be rewritten as
Es− =
s∆0β
√
D cos(φ/2)√
1−D(1 − β2) cos2(φ/2) (58)
where β = (1 − α/vF )/(1 + α/vF ). We note that these
branches do not contribute to the Josephson current if
α = vF . For α < vF the contribution from the s = −
branch to the current is given by,
IACJ2 =
I0β
√
D
2
∑
n Jn(α1/2) sin[(ϕ0 + (ωJ − 2nω)t)/2]
{1−D0 −D0
∑
n Jn(α1) cos[ϕ0 + (ωJ − nω)t]}3/2
(59)
where D0 = D(1− β2)/2. The Shapiro step width corre-
sponding to n = n0 is given by
∆I2 = I0
√
Dβ
∣∣∣∣∣ Jn0 [α1/2] sin(φ
m
0 /2)
{1−D0 −D0Jn0(α1) cos(φm0 )}3/2
∣∣∣∣∣
(60)
In order to determine φm0 , we need to find the value of
ϕ0 which maximizes the Shapiro step width. This can be
computed easily from Eq. (59) by maximizing the current
after setting ωJ = 2n0ω. This procedure yields
φm0 = 2 arcsin
[√
(1 − 2D0)/(4D0)
]
if D0 > 1/6
= π otherwise (61)
The dependence of the Shapiro step width on α1 (Eq.
(60)) is plotted, using Eq. (61) in Fig. (14) for D0 < 1/6
(Fig. 14(a)) and D0 > 1/6 (Fig. 14(b)). We note that
Eqs. (60) and (61) allow one to obtain the strength of
the spin-orbit coupling in these JJs from the Shapiro step
width.
Next we consider the case where α = B = 0 and
h 6= 0. Here the energy dispersion corresponds to four
branches as can be seen from Eq. (38). We first con-
sider the branches corresponding to E−↑↓. Here we note
that when E−↑↓(s = ±) < 0, the Josephson currents
from these two branches cancel each other. Similarly,
if E−↑↓(s = ±) > 0, none of the branches contribute at
T = 0. Thus these branches contribute to the Joseph-
son current for
√
D
√
∆2 − 4h2| cos(ϕ/2)| > h; the pres-
ence/absence of Josephson currents from these branches
can therefore be used to estimate D in these junctions,
provided ∆ and h are known. The Josephson current
from these branches and the corresponding Shapiro step
widths (when the above-mentioned condition is satisfied)
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are given by Eq. (56) and (57) respectively. In con-
trast, the contribution from the branches corresponding
to E+↑↓(s) are given by
IACJ3 /I0 = −
2e
~
[
Dh sinφ(t) +
∑
s=±
s
√
D(∆2 − 4h2 + 4Dh(1 + cosφ(t))) sin[φ(t)/2]
[∆2 − 4h2 + 2hD(1 + cos(φ(t)/2))]1/2
θ(−E−↑↓(s))
]
(62)
We note that when both E−↑↓(s = ±) < 0, the Josephson
current is purely 2π periodic and is given by
IACJ4 = −
I0Dh
∆
∑
n
Jn(α1) sin[ϕ0 + (ωJ − nω)t](63)
In this case one has both odd and even Shapiro steps with
the step width ∆I4[n0] = |I0DhJn0(α1)/∆|. However,
for E−↑↓(s = +) > 0 and E
−
↑↓(s = −) < 0, one has
IACJ5 = I
AC
J4 +
√
D[∆2 − 4h2 + 4Dh+ 4Dh∑n Jn(α1) cos(φ0 + (ωJ − nω)t)]∑n Jn(α1/2) sin[(φ0 + (ωJ − 2nω)t)/2]
[∆2 − 4h2 + 2hD + 2hD∑n Jn(α1) cos(φ0 + (ωJ − nω)t)]1/2
(64)
We note that in this case the JJ will have both 2π periodic
and 4π periodic components. The corresponding Shapiro
step width is given for n = n0
∆I5 = ∆I4[n0] n0 = 2m0 + 1 (65)
= ∆I4[n0] |sin[ϕm0 ]|+
∣∣∣∣∣
√
D[∆2 − 4h2 + 4Dh+ 4DhJn0(α1) cosφ0]Jn0(α1/2) sinφ0/2
[∆2 − 4h2 + 2hD+ 2hDJn0(α1) cosφ0]1/2
∣∣∣∣∣ n0 = 2m0
where m0 is an integer and ϕ
m
0 denotes the value of ϕ0
for which the stepwidth is maximum. This value needs to
be numerically determined for the present case by mini-
mizing Eq. (64) at ωJ = 2n0ω with respect to ϕ0.
Finally, we treat the case B, h 6= 0 and α = 0. Here
the Andreev bound states are given by Eq. (39) and (40).
For E ≡ E±↑↓(s) (Eq. (39)), there are four branches. For
E = E+↑↓ both the branches are above the Fermi energy
if
√
B2 + h2 ≥ ∆
√
D. In this case, there is no Josephson
current contribution from these branches. Similarly, for
E = E−↑↓, the same condition results in both the branches
being below the Fermi level. In this case, their contribu-
tion to the Josephson currents cancel each other. Thus
the contribution to the Josephson current from E↑↓ oc-
curs only when
√
B2 + h2 < ∆
√
D. However, even in this
case, the contribution to the Josephson currents from the
positive (E+) and negative (E−) branches cancel each
other and the net Josephson current vanishes. A similar
results can be easily deduced for E = E±↑↑ (Eq. (40)) and
E↓↑ (Eq. (41)) branches.
VI. CONCLUSION
In this paper we study the Josephson current between
1D nanowires of p-wave superconductors separated by
an insulating barrier in the presence of Rashba SOI and
the magnetic fields B and h. The presence of the SOI
and Zeeman magnetic fields enlarges the standard two-
component BdG system equations to four-component
system equations (13)- (16) for new BdG wave vector
ηa(x) =
(
η†a,↑,+(x), η
†
a,↓,+(x), ηa,↓,−(x), ηa,↑,−(x)
)
. The
BdG equations (13)-(16) coincide with the standard BdG
equations in the absence of the in-plane magnetic field
B, which provide only one relation η∗a,σ,b/ηa,σ¯,b¯ between
quasi-particle and quasi-hole states, where σ =↑, ↓ and
σ¯ =↓, ↑. Instead, the BdG equations (13)-(16) in the
presence of in − plane magnetic field B and Rashba
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FIG. 13: The dependence of the Shapiro step width for p-wave
JJs at α = B = h = 0 on the amplitude of the ac-voltage
α1 = 2eV1/(~ω) at (a) n0 = 0, (b) n0 = 1, (c) n0 = 2, and
(d) n0 = 3. D is chosen to be D = 0.5.
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FIG. 14: The dependence of the Shapiro step width for p-
wave JJs at B = h = 0 and α 6= 0 on the amplitude of
the ac-voltage α1 = 2eV1/(~ω) according to Eq.(59) for two
different values of the parameter D0, (a) D0 = 1/8 < 1/6 at
D = 0.5 and β =
√
0.5, corresponding to φm0 = pi and (b)
D0 = 7/40 > 1/6 at D = 0.5 and β =
√
0.3. The curves
in each figure are drawn by (1) solid red curve at n0 = 0,
(2) green dot-dashed curve at n0 = 1, (3) blue dashed curve
at n0 = 2, (4) brown dotted curve at n0 = 3, and (5) black
double dot-dashed curve at n0 = 4.
SOI provide three relations η∗a,σ,b/ηa,σ¯,b¯, η
∗
a,σ,b/ηa,σ,b¯, and
ηa,σ,b/ηa,σ¯,b between the quasi-particle and quasi-hole
states, corresponding to new Andreev scattering chan-
nels. We studied in this paper all these scattering chan-
nels in detail by generalizing the method of Ref. 14 for
study of Josephson junction with δ-function insulator be-
tween two p-wave superconductors to systems with SOI
and Zeeman fields. We have shown in this paper that
π-state is realized in Josephson junction with p-wave
superconductors. Moreover, we have demonstrated the
existence of magneto-Josephson effect in these systems.
We note that although the existence of the magneto-
Josephson effect in a topological superconductor has been
predicted recently17,32,33, the question of whether this
effect is observable in superconducting junctions with
p-wave superconductors and the presence of SOI was
not addressed before. We have predicted in the paper
new Andreev-type tunneling channels for quasi-particles
and quasi-holes which are responsible to the magneto-
Josephson effect.
In conclusion, we have studied Josephson effect in a
junction between two p-wave 1D nanowires in the pres-
ence of SOI and Zeeman fields. We have analyzed the
Josephson current in these junctions and provided ana-
lytical expressions of the Andreev bound states in several
limiting cases. We have also demonstrated the presence
of magneto-Josephson effect in these junctions. Our heo-
retical predictions are shown to be verifiable by straight-
forward experiments on these systems.
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Appendix A: Andreev bound state energies at B 6= 0
Andreev bound state energies are obtained from the
conditions F ∗↑↓(E↑↓) = 0, F
∗
↑↑(E↑↑) = 0, F↑↓(E˜↑↓) = 0
corresponding to three channels, and also from the con-
ditions, obtained by interchanging the spin orientations
as F ∗↓↑(E↓↑) = 0, F
∗
↓↓(E↓↓) = 0, F↓↑(E˜↓↑) = 0.
Andreev bound state energy E↑↓ is obtained from the
condition F ∗↑↓(E↑↓) = 0 with the expression (28) yielding
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{
(E↑↓ + h)
[
(E↑↓ − h)2 + k2(vF + α)2 +B2 −∆2
]2 − 2B2E↑↓}2 (1−D cos2 ϕ
2
)
−{
k(vf − α)
[
(E↑↓ − h)2 + k2(vF + α)2 +B2 −∆2
]
+ 2kB2α
}2
D cos2
ϕ
2
= 0. (A1)
This expressin depends apart from the parameters α, B, and h also on the momentum k2. Expression for k2±, obtained
from the energy spectrum (10), reads
k2±(v
2
F − α2)2 = (E2 − h2 −B2 −∆2)(v2F − α2)− 2(EvF + αh)2 + 2∆2v2F ±
{[
(E2 − h2 −B2 −∆2)(v2F − α2)−
2(EvF + αh)
2 + 2∆2v2F
]2 − [(E2 − h2 −B2 −∆2)2 − 4∆2(h2 +B2)] (v2F − α2)2}1/2. (A2)
Elimination of k2, by substituting it from (A2) into Eq. (A1), yields a general expression to find E↑↓, which is not
easy to solve exactly.
The condition F ∗↑↑(E↑↑) = 0 with the expression (31) yields
k2(EvF + αh)
2 −∆2(E2↑↑ + α2k2) + ∆2D(E2↑↑ + α2k2) cos2
ϕ− θ
2
= 0. (A3)
Routine calculations, after substitution of k2 from Eq. (A2) to this equation, result in
{
(v2F − α2)E2↑↑∆2
(
1−D cos2 ϕ− θ
2
)
− (E2↑↑ +∆2 −B2 − h2)
[
(E↑↑vF + αh)
2 − α2∆2
(
1−D cos2 ϕ− θ
2
)]}2
−
4E2↑↑∆
2D cos2
ϕ− θ
2
(E↑↑vF + αh)
2
[
(E↑↑vF + αh)
2 − α2∆2
(
1−D cos2 ϕ− θ
2
)]
= 0 (A4)
This equation can be solved numerically for a general case when α, B, h 6= 0. The expression for F ∗↓↓(E↓↓) = 0 is
obtained from Eq. (A4) by interchanging α→ −α, h→ −h, and θ → −θ.
The bound state energy in the particle-particle channel with opposite spin orientations is determined from the
condition F↑↓(E
′
↑↓) = 0, which can be written by using the expression (34) for F↓↑ as,
α2k2 −
(
E
′2
↑↓ + α
2k2
)
D sin2
θ
2
= 0. (A5)
Substituting k2 from Eq. (A2) to this equation yields the equation to determine E′↑↓,
α4
[
(E
′2
↑↓ +∆
2 −B2 − h2)2 − 4∆2E′2↑↓
]
+ 2α2D sin2
θ
2
{
v2FE
′4
↑↓ + (v
2
F − α2)∆2E
′2
↑↓ + (v
2
F + α
2)B2E
′2
↑↓ +
(v2F + 3α
2)h2E
′2
↑↓ − 4vFαhE
′3 + α2(∆2 −B2 − h2)2
}
+D2 sin4
θ
2
{
v2F (v
2
F − 4α2)E
′4
↑↓ +
2α2E
′2
↑↓
[
v2F∆
2 − v2FB2 − (v2F + 2α2)h2
]− 8α3vFhE′3↑↓ + α4(∆2 −B2 − h2)2} = 0. (A6)
Note that the condition F↓↑(E
′
↓↑) = 0 provides for E
′
↓↑ exactly the same expression as (A6), i. e. E
′
↓↑ = E
′
↑↓. Indeed,
a reality of this fact can be tested according to the rule that interchanging the spin directions is equivalent to the
replacements of α→ −α, h→ −h, and θ → −θ.
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